The Fourier transform (FT), a cornerstone of optical processing, enables rapid evaluation of fundamental mathematical operations, such as derivatives and integrals. Conventionally, a converging lens performs an optical FT in free space when light passes through it. The speed of the transformation is limited by the thickness and the focal length of the lens. By using the wave nature of surface plasmon polaritons (SPPs), here we demonstrate that the FT can be implemented in a planar configuration with a minimal propagation distance of around 10 mm, resulting in an increase of speed by four to five orders of magnitude. The photonic FT was tested by synthesizing intricate SPP waves with their Fourier components. The reduced dimensionality in the minuscule device allows the future development of an ultrafast on-chip photonic information processing platform for large-scale optical computing.
INTRODUCTION
Fourier analysis is the process of decomposing a general function into the sum of a set of simpler periodic functions, which corresponds to the mathematical operation of a Fourier transform (FT). It gives rise to many fundamental principles in physics, engineering, and mathematics 1 . For instance, spectroscopic measurement of the spectrum (FT of the waveform in the time domain) of white light shows the energy distribution over the constituent electromagnetic waves of different frequencies. As for a monochromatic electromagnetic waveform, the FT of the spatial distribution of the field gives the angular spectrum, where each point in the spectrum represents a constituent planewave propagating in a specific direction 2, 3 . On the other hand, Fourier synthesis, the process opposite to Fourier analysis, reconstructs a function from its spectrum using the inverse FT (IFT). Differentiated only by a parity operator, the IFT and FT can, in practice, be implemented using the same physical process. In optics, it is remarkably simple that a single converging lens performs the complicated FT/IFT at the speed of light, such that the complex amplitudes in the front and back focal planes become an FT pair (with some additional scaling factors) 4 . This lays the foundation for most experimental works in the area of Fourier optics 5, 6 , enabling the analysis of the angular spectrum of light and the synthesis of light in the reverse process. The optical FT carried out by a lens also forms a basis of optical computing 7, 8 due to its parallelism and unrivalled speed, which is ultimately limited by the size of the optical system. Recently, planar structures have been shown to be able to perform mathematical operations as light passes through, providing a possibility to replace conventional lens-based optical systems, but the fundamental principle is still based on free-space optics 9 . In fact, the physical footprint of such optical information processing systems could be reduced substantially if these operations could be carried out solely in a two-dimensional (2D) space rather than in free-space. Plasmonic nanostructures offer a rare opportunity to manipulate light at the deep subwavelength scale, which has been demonstrated as a route to substantially reduce the size of many photonic devices [10] [11] [12] [13] [14] including basic optics, such as waveplates [15] [16] [17] , phase plates 18, 19 , and color filters [20] [21] [22] . Here, we report that the complex operation of an FT can be performed in a single 2D plane via surface plasmon polaritons (SPPs)-a propagating surface wave strongly confined at a dielectric-metal interface, which travel at a velocity very close to the speed of light. Besides the reduced dimensionality, the SPP-based device is able to increase the speed of the photonic FT by several orders of magnitude with a minimal spatial separation between the input and output.
MATERIALS AND METHODS

Diffraction integral of SPPs and Fourier relationship
For monochromatic propagating SPPs at a source-free metal/dielectric interface in the xz plane, the out-of-plane electric field E y (in the dielectric medium) satisfies the 2D Helmholtz equation (the section Two-dimensional wave equation, Supplementary Information):
where k spp is the wavevector of the SPPs. The FT performed in free space by a converging lens is, in fact, enabled by the spherical wavefront produced by the lens. Despite the change of dimensionality, a parallel relationship can exist for surface waves such as SPPs. Using the 2D form of the integral theorem of Helmholtz and Kirchhoff 23 , we calculate the disturbance at point Q in the focal region of a converging cylindrical surface wave as illustrated in Figure 1a provided the focal length (.10 mm) is much larger than the wavelength of the SPPs (the section Propagation integral for SPPs, Supplementary Information):
where U(h) is the complex amplitude on the arc S of a reference circle with radius f, the distance between P(j, f) on S and Q(x, z) is d~ffi
, and a is the inclination angle of the distance with respect to the normal of the arc. We discover that, to a good approximation, a 2D Fourier relationship can be found for the complex amplitude U(h) along an arc of a converging surface wave and the field distribution E y (x, z) in the vicinity of the geometrical focus (the section Two-dimensional Fourier relationship for a converging SPP, Supplementary Information):
, where l spp is the wavelength of the SPP; r~ffi ffiffiffiffiffiffiffiffiffiffiffiffi ffi j 2 zf 2 p ; h m is the maximal half polar angle of the arc; P(N) and d(N) are the rectangular function and the Dirac delta function, respectively; F n N f gdenotes the n-dimensional FT.
Projection-slice theorem of SPPs in the focal plane Consequently, using the projection-slice theorem, we find a onedimensional (1D) Fourier relationship between the field distribution on the focal line L (perpendicular to the propagation axis) and the projection of the complex amplitude U(h) onto the same line L (the section Projection-slice theorem, Supplementary Information):
where
is the projection of
onto the focal line L and this expression is valid near the focus.
Figure 1 (a) Schematics of in-plane FT performed by surface wave propagation. In a plane, the disturbance at any point Q(x,z) in the vicinity of focus O(0,0) can be calculated by summing up the contributions from all the points, e.g., P(j,f) on a convergent wavefront (depicted as the arc S with the radius f). d is the distance between P and Q. a measures the inclination angle of the distance with respect to the normal of the arc. The focal line L is perpendicular to the horizontal axis (z or f) across the focus. h is the polar angle in the corresponding polar coordinates. (b) Slits in the angular spectrum represented by a reference arc are perforated in the optically opaque metal film (e.g., Ag) on a glass substrate. When illuminated by a coherent light source such as a laser, the slits generate converging SPPs at the air-Ag interface. The converging wavefront is modulated by the displacement D(h) of the slits from the reference arc (blue dashed curve).
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This result is instrumental to understanding the present work and we use it here to demonstrate the following examples of Fourier synthesis of a surface wave E y (x, z) from its angular spectrum. This is made possible through controlling the input U(h) on a reference arc, since a monochromatic directional surface wave can be fully represented by its transverse profile E y (x, z 5 0).
In Figure 1b , we implement U(h) on an arc consisting of discrete subwavelength slits equally spaced in the azimuthal direction. When illuminated by a laser beam, the ensemble of slits produces SPPs which form a convergent wavefront. Each slit is displaced in the radial direction from the reference arc by D(h)~l spp 2p
Q(h), where Q(h) is the phase of U(h). To simplify the design, we use phase-only functions for U(h), since the spectral phase alone is sufficient to synthesize most of surface waves with finite transverse dimensions 24 . The spectral amplitude can be modulated in the design by controlling the width of slits.
Sample preparation and fabrication
After depositing a 300 nm thick Ag layer onto a silica substrate via electron beam evaporation, we milled the subwavelength slits with a nominal width of 240 nm through the Ag film using a focused ion beam (Zeiss, AURIGA 60). The Ag film is thick enough to entirely block the incident beam, since the penetration depth of 632.8 nm light is just 24 nm in Ag e Ag~{ 15:93z1:077i À Á . This helps to improve the signal-to-noise ratio of the measured near-field intensity distribution of SPPs. The radius of the reference arc is 15 mm which is a balance between the number of slits and the propagation loss (the SPP propagation length at an Ag/air interface is around 22 mm at this wavelength). In the experiment, these subwavelength slits are designed in a discrete pattern composed of several segments.
Near-field intensity distribution measurements
The intensity distributions of SPP waves were measured by a near-field scanning optical microscope (NSOM, NT-MDT/NTEGRIS Solaris) equipped with an aluminum-coated fiber tip with a 100 nm diameter aperture working in collection mode. The laser was first expanded by a telescope system to a ,10 mm diameter spot before slightly focused by a low numerical aperture objective lens (43, NA 5 0.13) onto the sample surface, incident from the substrate side. SPPs are excited when the slits are illuminated with the laser beam. Detailed experimental setup is given in the section Experimental setup for measurement of the Supplementary Information.
RESULTS AND DISCUSSION
Synthesis of plasmonic Weber beam in the Fourier space
First we synthesized a new type of SPP wave dubbed the plasmonic Weber beam (PWB), which we prove to be a rigorous non-diffracting solution of the 1D Helmholtz equation in parabolic cylindrical coordinates (the section Derivation of plasmonic Weber beams in parabolic cylindrical coordinates, Supplementary Information), giving an explicit form of the dominant electric field E y at z 5 0 as:
where 2k spp a is the defined separation constant, and 2 F 1 a; b; v ½ is the confluent hypergeometric function of the first kind. The complex angular spectrum of the PWB is given by (sections Derivation of plasmonic Weber beams in parabolic cylindrical coordinates and Angular spectrum of the PWB, Supplementary Information):
where k x~kspp sin h is the transverse wavevector. Thus the corresponding offset of the slits (Figure 1b ) from the reference arc is given by:
where mod{p, q} gives the remainder after division of p by q.
Near-field measurement of PWB In the experiment, we used a linearly polarized He-Ne laser with wavelength of 632.8 nm as the coherent source to excite SPPs. Subsequently, these converging SPP waves propagate and interfere at the geometrical focus forming the PWB, and its near-field intensity distribution is measured by NSOM. We choose an angular spectrum ranging from 260 6 to 60 6 for the Fourier synthesis of the PWB. The effect of the truncated spectrum on the reconstruction is minimal as the main feature of the PWB is preserved (the section Dependence of PWB on angular range of nanostructure, Supplementary Information). Figure 2a gives the scanning electron microscope micrograph of the first plasmonic nanostructure with a 5 40. The NSOM measurement results and supporting numerical calculations using the finite-difference time-domain (FDTD) method in Figure 2b and 2c are in good agreement. The synthetic PWBs propagate along curved trajectories for more than 10 mm beyond the focal line. To verify that the SPP wave is indeed a PWB, we studied its evolution dynamics along its propagation direction and make quantitative comparisons to the experimental results, FDTD simulations, and the theoretical predictions (the section Derivation of plasmonic Weber beams in parabolic cylindrical coordinates, Supplementary Information for the explicit expression of the PWB). The snapshots of the electric field intensity distributions along the 1z direction ranging from 0 to 5 mm in steps of 1 mm are juxtaposed in Figure 2d -2f accordingly. All the profiles exhibit the self-bending property consistent with the theory. For example, from z50 to z 5 4 mm, the lateral shifts of the main peak from NSOM, FDTD, and theory are measured as 1.1, 1.16 and 1.48 mm, respectively. However, the intensity of the side lobes in the NSOM and FDTD decreases much faster than the corresponding theoretical prediction. This is attributed to the additional amplitude modulation induced by the polarization selectivity of the slits (the section Angular spectrum of the PWB, Supplementary Information). The arc radius also has a small influence on the properties of the generated PWBs. Due to the spatial extension of the PWB, the actual angular spectrum at points far away from the geometrical center will deviate from the theoretical prediction given by Equation (6) . This causes the PWB's trajectory to be laterally shifted from the original design (the section Effect of the arc radius on the PWB properties, Supplementary Information). In order to improve the excitation efficiency of the SPPs, the structures can be repeated. For example, three periods with separation of l spp can improve the excitation efficiency by six times and the signal-to-noise ratio is much better (the section PWB generation at different geometric parameters (single-period slit of a 5 60 and multiple-period slits), Supplementary Information). slight discrepancies that can be attributed to the contributions from the slits at large angles beyond the paraxial approximation implied by PABs.
CONCLUSIONS
In summary, we have established a Fourier relationship embedded in the propagation of surface waves, which enables a photonic FT/IFT performed with SPPs. This allows one to design FT-based planar devices to be incorporated into existing integrated optics, marking another step toward on-chip optical computing. Compared with the optical FT in free space, the on-chip configuration plasmonic nanostructures offer four to five orders of magnitude of enhanced processing speed due to the reduced footprint of the device. Considering the short focal length (,10 mm) of a converging surface wave, the FT can now be finished in tens of femtoseconds. Besides the promising applications in optical computing, one can further synthesize intricate surface waves and even create new exotic surface waveforms (e.g., designer SPPs) to accommodate the wide range of applications of SPPs [29] [30] [31] [32] . 
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